
T ransition Net w orks for Mo deling the Kinetics of

Conformational Change in Macromolecules

F rank No é

y
and Stefan Fisc her

x

Marc h 29, 2008

y: F rank No é

Researc h Cen ter �Matheon�, FU Berlin

Arnimallee 6, 14195 Berlin, German y

no e@math.fu-b erlin.de

Ÿ: Stefan Fisc her

In terdisciplinary Cen ter for Scien ti�c Computing (IWR), Univ ersit y of Heidelb erg

Im Neuenheimer F eld 368, 69120 Heidelb erg, German y

stefan.�sc her@iwr.uni-heidelb erg.de

Abstract

The kinetics and thermo dynamics of complex transitions in biomolecules

can b e mo deled in terms of a net w ork of transitions b et w een the relev an t con-

formational substates. Suc h a transition net w ork, whic h o v ercomes the funda-

men tal limitations of reaction-co ordinate based metho ds, can b e constructed

either based on the features of the energy landscap e, or from molecular dy-

namics sim ulations. Energy-landscap e based net w orks are generated with the

aid of automated path-optimization metho ds, and, using graph-theoretical

adaptiv e metho ds, can no w b e constructed for large molecules suc h as pro-

teins. Dynamics-based net w orks, also called Mark o v State Mo dels, can b e

in terpreted and impro v ed using statistical concepts, suc h as the mean �rst

passage time, reactiv e �ux and sampling error analysis. This mak es transition

net w orks p o w erful to ols for understanding large-scale conformational c hanges.
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1 In tro duction

Conformational c hanges are critical to the function of proteins and n ucleic acids. A

v ariet y of pro cesses exist, ranging from binding of macromolecules and their ligands

(1 ), o v er complex conformational rearrangemen ts switc hing b et w een nativ e protein

substates (2; 3) to the folding of proteins and RNA (4; 5). Understanding the mec h-

anisms of suc h transitions is c hallenging, as they in v olv e man y degrees of freedom

and often o ccur via v arious path w a ys with man y in termediates.

These pro cesses are often sim ulated b y driving the transition with a few (of-

ten one) pre-de�ned reaction co ordinates or order parameters (6�8 ) while allo wing

the remaining degrees of freedom to relax. This assumes that the c hosen reac-

tion co ordinates su�ce to de�ne all relev an t states of the pro cess, including the

transition states, suc h that the slo w transition ev en ts are en tirely separated in the

lo w-dimensional pro jection on to these co ordinates. Suc h an approac h ma y w ork

for simple c hemical systems, or for pro cesses in whic h the driving co ordinate corre-

sp onds to an exp erimen tally applied external force, suc h as in force-clamp protein

unfolding(9 ; 10). Ho w ev er, reaction-co ordinate-based sim ulation metho ds tend to

p erturb the transition mec hanism and yield wrong rates for complex equilibrium

pro cesses whic h, e.g. , in v olv e domain rearrangemen ts and folding. A striking ex-

ample of this is the metho d of targeted (or steered) molecular dynamics (TMD),

in whic h a constrain t is put on the RMS-di�erence b et w een the curren t and target

co ordinate-set in order to accelerate the transition to w ards the target co ordinate

during molecular dynamics sim ulation. When the equilibrium transition mec hanism

in v olv es a concerted in terpla y b et w een lo calized and large-scale motions, as it often

do es for macromolecules, TMD biases the order of these motions as illustrated in

Fig. 1 (11 ).

Moreo v er, attempting to understand the thermo dynamics and kinetics of com-

plex systems in terms of the free-energy landscap e in lo w-dimensional pro jections

is, although app ealing, often highly deceptiv e. This is due to the fact that lo w-

dimensional pro jections shrink distances b et w een p oin ts in space and pro duce o v er-

laps b et w een conformations that are separated in the full-dimensional state space.

2



This mak es free energy barriers disapp ear in the lo w-dimensional pro jection, often

pro ducing apparen tly smo oth free energy surfaces with only one or t w o basins ev en

for systems that con tain man y kinetically separated substates, as clearly sho wn in

(12 ; 13 ).

In order to get an un biased description of the in trinsically high-dimensional

macromolecular dynamics, it is essen tial to abandon the attempt to con trol the

molecular system in some pre-de�ned lo w-dimensional subspace and mo v e instead

to w ards a more comprehensiv e description of the transition pro cess. The �rst step

in this paradigm shift w as the in tro duction of path optimization metho ds (14 ; 15),

in whic h a curvilinear path w a y describing the complete transition is treated as a

con tin uous �exible c hain of segmen ts, starting from some initial guess (suc h as a

linear in terp olation b et w een the t w o end conformers). This c hain can b e optimized

without application of external bias. An e�cien t metho d capable of doing this auto-

matically for proteins is Conjugate P eak Re�nemen t (CPR) (14 ), whic h has allo w ed

to determine sev eral transition mec hanisms in proteins (2; 16 �18). Another p opular

metho d is the Nudged Elastic Band (NEB) approac h (15). A t ypical application

domain of path optimization metho ds are allosteric pro cesses, i.e. , conformational

transitions where a small c hange in one region of the protein (suc h as the binding

or the c hemical mo di�cation of a ligand) triggers large c hanges in another region of

the protein (suc h as tertiary or quarternary rearrangemen ts). This often in v olv es a

w ell-de�ned transmission of structural information across the protein. F or example,

using CPR, it w as recen tly p ossible to explain in detail the c hemo-mec hanical cou-

pling b et w een the catalytic A TP ase site and the distan t force-generating domain of

m y osin, an A TP-driv en molecular motor (2; 11 ).

The path optimization approac h is itself limited when a m ultitude of transition

mec hanisms co-exist and form ulating man y initial guess-paths b ecomes di�cult.

This could in principle b e alleviated b y path sampling metho ds (19; 20) whic h

sample from an ensem ble of dynamic path w a ys connecting t w o end-states. Ho w ev er,

this approac h ma y fail to con v erge for complex transitions b et w een w ell-de�ned end-

states, or when the t w o end-states are separated b y m ultiple transition c hannels. A
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further step to w ards obtaining a comprehensiv e description of the transition pro cess

and its kinetics w as to partition the state space in to discrete sub-states and cast

the complex pro cess in to a net w ork of transitions b et w een them (see Fig. 2 for an

illustration). In particular, biomolecular function often dep ends on the abilit y to

undergo transitions b et w een long-liv ed in termediates, i.e. �metastable� states (21),

whic h are w ell suited as sub-states in suc h a kinetic mo del. There are t w o approac hes

to building a transition net w ork, the �energy landscap e� and the �dynamical� ap-

proac h, whic h are the fo cus of the presen t review, follo wing a short o v erview of the

theory underlying transition net w orks.

2 Mo deling Kinetics with Discrete States

The transition pro cess b et w een conformational substates is often describ ed with the

memoryless Master equation:

dp(t)
dt

= Kp (t): (1)

with p(t) b eing an m -dimensional column v ector con taining the probabilit y to

�nd the system in eac h of its m states at time t . K is a rate matrix with K ij b eing

the transition rate constan t from state i to state j . The diagonal elemen ts of K are

K ii = �
P

j 6= i K ij , to ensure mass conserv ation. Alternativ ely , the system dynamics

can b e describ ed b y a discrete-time Mark o v pro cess using the transition matrix,

T (� ) , whose en tries Tij pro vide the probabilit y of the system to b e found in state

j at time t + � giv en that it w as in state i at time t (Fig. 2b). The corresp onding

analog to Equation 1 is:

p(k� ) = T k(� )p(0): (2)

Equations 1 and 2 pro vide equiv alen t results at discrete times t = k� , k 2 N0

and are related b y T (� ) = exp( � K ) (22). Here, w e will concen trate on T (� ) . Eac h

left eigen v ector of T , qi , describ es a particular �transition mo de� b et w een sub-states,

while the corresp onding eigen v alue � i describ es the fraction of molecules ( i.e. � i � 1)
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that ha v e not undergone the transition qi after time � (i.e., � i � 0 are fast mo des,

� i � 1 are slo w mo des, see Fig. 2c and d). The �rst mo de, q1 , pro vides the stable

equilibrium distribution of the system (Fig 2c, top), i.e. no transitions, and th us

� 1 = 1 . In the example of Fig. 2, the second transition mo de, q2 , corresp onds to the

slo w ( � 2 = 0:97) exc hange b et w een basins A and basins B+C, as re�ected b y the

opp osite signs of the elemen ts of q2 in these regions (Fig 2c, middle). The �implied�

timescale of a transition mo de is giv en b y:

� �
i = �

�
ln � i

(3)

F or equilibrium molecular dynamics, T (� ) is p ositiv e de�nite ( � i > 0 for all i )

and there exists a unique equilibrium distribution, � , whic h ful�lls detailed balance,

� i Tij = � j Tj i .

A system without memory is said to b e Mark o vian. This means that, at an y time

t , the future of the system will dep end only on its curren t state, p(t) , and not on its

past history . Besides inertial e�ects on short timescales, the most frequen t cause of

nonmark o vianit y in macromolecules is the presence of state-in ternal barriers (see Fig

3). An y mo del will b e Mark o vian for long enough lagtimes, � , but in order to ac hiev e

a mo del with a short enough lagtime to b e useful, the states should b e de�ned suc h

that large in ternal barriers are a v oided. Th us, the mo del's sub-states should b e

metastable, i.e. , ha ving minimal in tra-state equilibration times and maximal in ter-

state transition times. Most approac hes �rst �nely partition the con�gurational

space of the molecule in to a large set of states, called here micr ostates , whic h are

then clustered together in to few er metastable states (Fig. 2e). Fig. 2f sho ws a

coarse-grained transition net w ork b et w een metastable states.

3 Energy Landscap e based T ransition Net w orks

In the �energy landscap e� approac h, the microstates are often tak en as the attr action

b asins , i.e. the set of con�gurations that minimize to the same lo cal minim um (23),

see Fig. 4. Metastable sub-states are obtained b y lumping groups of basins that are

5



separated b y lo w energy barriers (24; 25). The adjacen t sub-states are connected

to form a net w ork, and the transition rates in the net w ork are obtained from the

energy of the saddle-p oin ts along the connections . The �rst-order saddle-p oin ts

can b e lo cated directly with CPR (14), or with other path-optimization metho ds

com bined with transition state optimizers ((26 ) and (27 ), pp. 284-287). F or eac h

connection in the net w ork, the energy barrier of the highest (rate-limiting) saddle

p oin t is used in conjunction with a rate-la w (usually T ransition State Theory) to

determine the transition rate, kij , from substate i to substate j . In the simplest

case, the barrier is assumed to b e purely en thalpic, i.e. , it is giv en b y the p oten tial

energy di�erence b et w een minima and saddle p oin ts. En tropic con tributions can b e

included b y , e.g. , using an harmonic appro ximation around the stationary p oin ts to

estimate the vibrational free energies (28 ).

The main adv an tage of the energy-landscap e approac h is that it allo ws to explore

transitions whic h in v olv e high individual energy barriers that could not b e crossed

b y un biased molecular dynamics sim ulations. The main c hallenge of this approac h

is that the n um b er of stationary p oin ts on the energy surface increases exp onen-

tially with the system size (29 ) and that computing �rst-order saddle p oin ts in large

molecules is computationally exp ensiv e, rendering it infeasible to compute all bar-

riers of the net w ork. Therefore, energy-landscap e based transition net w orks ha v e

b een used for small systems, suc h as atom clusters and glasses (see e.g. (30; 31 ))

or p eptides (12 ; 32 ; 33 ). Somewhat larger systems ma y b e treated b y emplo ying

metho ds that restrict the exp ensiv e saddle-p oin t computations to a relev an t sub-

net w ork, e.g. b y using discrete path sampling (20 ; 34 ). Recen tly , a metho dological

breakthrough has allo w ed to comprehensiv ely c haracterize the transition net w ork

of a complex protein transition (3), the Ras p21 molecular switc h. By using an

adaptiv e approac h based on graph theory (35), this metho d computes only those

energy barriers whic h con tribute to the global net w ork prop erties of in terest, suc h

as the b est path(s) connecting or the energy ridge(s) separating t w o transition end-

states (Fig. 4). Since this metho d reduces the n um b er of energy barriers required

b y sev eral orders of magnitude, it allo ws transition net w orks also to b e constructed
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for complex transitions in large molecules (3; 35 ). F or example in the case of Ras

p21, the h ydrolysis of b ound GTP induces a rearrangemen t of the fold of t w o regions

(Switc h I and I I). It is conceiv able that suc h a transition in v olv es man y path w a ys via

v arious partially folded Switc h regions. Ho w ev er, the computed TN sho w ed that all

energetically feasible path w a ys include a coupling b et w een the motions of Switc hes

I and I I, inducing a preferred order of ev en ts. The suggested mec hanism can b e

exp erimen tally v alidated, e.g. , via p oin t m utations in the k ey residues.

These w orks ha v e spa wned an energy landscap e theory (27 ; 36), whic h allo w to

in terpret the b eha vior of molecular systems in terms of the features of the underlying

energy landscap e. In practice, the size of the molecules that can b e meaningfully

describ ed b y the energy-landscap e approac h is still limited b ecause the �uctuations

of the p oten tial energy increases with the n um b er of degrees of freedom in the

system, th us giving rise to unrealistic energy di�erences in large systems. F or this

reason, explicit solv ation is usually a v oided and instead, implicit solv en t metho ds

( e.g. Generalized-Born) are used. Moreo v er, to compute kinetic prop erties with

the energy-landscap e approac h, the transition rates b et w een sub-states need to b e

mo deled b y some rate theory whose v alidit y is often unclear. Finally , since actual

system dynamics is not a v ailable, the v alidit y of the Mark o v prop ert y cannot b e

v eri�ed.

4 Dynamics-based T ransition Net w orks

As a result of increased computational p o w er and metho dological adv ances, the con-

struction of kinetic m ulti-state mo dels directly from molecular dynamics (MD) data,

often called Mark o v State Mo dels (MSM), is b ecoming increasingly p opular (37�41 ).

In con trast to the energy landscap e approac h, MSMs require no rate theory - rates

are directly obtained from the observ ed dynamical transitions. F urthermore, it can

b e tested explicitly whether the MSM exhibits the Mark o v prop ert y and is consis-

ten t with the MD sim ulations. In con trast to extracting slo wly con v erging prop erties

from length y dynamical tra jectories, MSMs can b e constructed from sim ulations that

need only to b e long enough to b e in lo cal equilibrium: They m ust b e long enough
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to equilibrate within individual sub-states and o ccasionally undergo transition to

neigh b oring sub-states. Th us, pro cesses that o ccur on v ery long timescales (suc h as

milliseconds) can b e correctly mo deled using man y short tra jectories started from

di�eren t conformations (42 ; 43 ), whic h w as already exploited in massiv ely parallel

sim ulation of p eptide folding (43 ). The main disadv an tage of the dynamical ap-

proac h is that it will fail if, for the pro cess of in terest to o ccur, individual barriers

b et w een microstates m ust b e crossed that are to o high to b e sampled within the

individual sim ulation times.

The microstates can b e de�ned b y geometrical pro ximit y (37; 38 ; 41). It is

imp ortan t to c ho ose microstates suc h that they do not merge kinetically separated

regions of state space, as this w ould prev en t the mo del to b e Mark o vian (see Fig.

3 and (37 ; 42)). After assigning eac h structure along a giv en MD tra jectory to

one of the microstates, the transition matrix, T (� ) , is computed for eac h pair of

microstates (i; j ) , as:

Tij =
Number of transitions i ! j in time �

Number of starts ini
(4)

T o maximize the time resolution of the mo del, the lagtime � is c hosen to b e the

minimal lagtime needed for the mo del to remain Mark o vian. This can b e determined

b y exploiting the fact that, if the dynamics is Mark o vian at lagtime � , it will also b e

Mark o vian at larger lagtimes � 0 > � , and an y kinetic prop erties computed from the

mo del should then b e con v erged in � . The metho d used in (37; 43 ; 44) computes,

for di�eren t lagtimes � , T (� ) and its set of implied timescales from Equation 3. A t

lagtimes greater than or equal to the Mark o v lagtime, the implied timescales ha v e

con v erged.

A meaningful w a y of clustering the microstates in to a set of C metastable states

is to require that the transitions b et w een microstates within eac h metastable state

are m uc h faster than the transitions b et w een metastable states. This can b e ac hiev ed

b y using an iterativ e splitting-and-lumping pro cedure (38 ). A similar partition can

b e obtained e�cien tly with the impro v ed P erron cluster cluster analysis (PCCA)

metho d (45; 46 ), whic h exploits the fact that kinetically closely connected mi-
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crostates ha v e similar co ordinates in the �rst C righ t eigen v ectors (see Fig. 2e).

Note that simple geometric clustering is often unable to iden tify metastable states

since large free energy barriers ma y lie b et w een geometrically close conformations

(37 ). A practical w a y to c ho ose the n um b er of clusters, C , is to de�ne a timescale

� �
min of in terest. C is c hosen equal to the n um b er of implied timescales greater than

� �
min . Note that C is a user-de�ned parameter and its c hoice is a compromise b e-

t w een impro ving conformational resolution and reducing statistical error. If there

is a large gap b et w een the C th and the (C + 1) th timescales, the total transition

probabilit y b et w een metastable states I and J is appro ximately:

�TIJ (� ) �

P
i 2 I;j 2 J � i Tij (� )

P
i 2 I � i

: (5)

The resulting coarse-grained transition net w ork captures the essen tial features

of the transition pro cess, as sho wn for example in Fig. 2f.

The Mark o vianit y of MSMs is often tested directly via con v ergence of the implied

timescale test (see ab o v e) but this metho d is unreliable when statistics are p o or.

Other Mark o v tests ha v e b een prop osed (44 ; 47), but man y of them su�er from b eing

to o toleran t, or from b eing am biguous

1

. Ultimately , the b est test for the mo del is

to compare the molecular dynamics sim ulations to the predictions of Equation 2

(37 ; 48 ). A systematic test for Mark o vianit y based on this criterion is still elusiv e.

So far, MSMs ha v e b een used mainly to mo del the dynamics of small p olyp eptides

for whic h su�cien t sampling could b e ac hiev ed (40 ; 43 ), some also testing the v alidit y

of the Mark o v assumption and c hec king for consistency with the dynamics (37; 38;

48 ). An example application on Ala 12 is sho wn in Fig. 5.

5 In terpretation of T ransition Net w orks

In principle, an y prop ert y that can b e calculated directly from sim ulation data,

can also b e obtained from the transition net w ork. F or example, the equilibrium

distribution is obtained from the elemen ts in the �rst left eigen v ector of T (� ) or the

1

John D. Cho dera, Stanford, p ersonal comm unication
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rate matrix K , scaled suc h that they sum to 1 (see Fig. 2c, top). This is ho w the

relativ e free energies of the Ala 12 macrostates in Fig. 5 w ere calculated.

Another prop ert y of in terest is the mean �rst passage time (mfpt), de�ned as

the mean time f i it tak es to reac h a giv en metastable state m for the �rst time

when starting from another state i . All mfpt's ( f i , i = 1:::m � 1) can b e computed

sim ultaneously from the transition matrix b y solving the follo wing linear system of

equations (49):

2

6
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6
6
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6
6
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A useful prop ert y is the committor probabilit y ci , de�ned as the probabilit y to

transition from a metastable state i to set B without hitting set A �rst, where A and

B are giv en sets of metastable states. F or example in protein folding, A and B can

b e c hosen as the set of fully unfolded and folded conformers, resp ectiv ely ( ci is then

often referred to as pfold , the probabilit y of folding for conformer i ). The set of states

with ci � 0:5 ( i.e. , ha ving equal c hance to fold or unfold) can b e used as a de�nition

for the transition state ensem ble (50). The committor can b e calculated directly

from the transition matrix b y solving the follo wing system of linear equations:

P
j (Tij � � ij )ci = 0 8 i =2 (A [ B)

ci = 0 8 i 2 A

ci = 1 8 i 2 B

; (6)

with � ij = 1 for i = j and 0 otherwise.

Finally , a statistically rigorous approac h to computing the full set of individual

transition path w a ys A ! B along with their relativ e con tributions to the o v erall

A ! B rate is giv en b y the T ransition P ath Theory (51 ). First, the �ux from state

i to state j that e�ectiv ely con tributes to the transition A ! B is giv en b y:
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f ij = � i (1 � ci )kij cj ;

where � i is the probabilit y to start in i , (1 � ci ) is the probabilit y to come from

A rather than from B , kij is the transition rate from i to j , and cj is the probabilit y

to transition to B rather than to A . The net �ux is obtained from:

�f ij = f ij � f j i ;

and pro vides a net w ork of directed net �uxes. This net w ork can b e decomp osed

in to individual A ! B path w a ys, whic h can b e sorted according to their con tribution

to the o v erall A ! B �ux, th us pro viding something similar to the b est path, the

next b est path, etc.

6 The Sampling Problem

Ev en with the help of massiv ely parallel computing platforms, suc h as folding@home,

it is curren tly c hallenging to run enough MD sampling suc h as to obtain a w ell-

con v erged kinetic mo del of complex conformational c hange in a protein. Ho w ev er,

this ma y b e ac hiev ed b y using an adaptiv e approac h, suc h that the sampling is

limited to the statistically most rew arding parts of state space (3; 35; 49; 52 ).

Since the transition matrix T (� ) is estimated from �nite MD tra jectories, an y

prop ert y calculated from T (� ) will ha v e a degree of uncertain t y . The �rst step is to

estimate this uncertain t y . Assuming an a priori uniform distribution of matrices,

the lik eliho o d that all the transitions observ ed during the MD runs are consisten t

with a particular matrix T (� ) is prop ortional to:

p[T (� )] /
Y

i;j

T cij
ij ; (7)

where cij denotes the actual n um b er of transition ev en ts observ ed from state i

to state j . The matrix that maximizes this lik eliho o d turns out to b e the transition

matrix resulting from Equation 4. The width of this lik eliho o d densit y measures
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the statistical uncertain t y of the matrix en tries Tij (49). Since generally one is

more in terested in the distribution (and corresp onding uncertain t y) of some target

prop ert y A(T (� )) that is computed from the transition matrix, this distribution

can b e computed b y �rst generating transition matrices according to the densit y

of equation 7, and then computing A(T (� )) for eac h of the generated T (� ) (49).

F ast but appro ximate analytical metho ds ha v e also b een prop osed (49; 52). The

dev elopmen t of e�cien t error analysis metho ds whic h ev aluate the distribution of

transition matrices that ob ey particular conditions (suc h as detailed balance or

p ositiv e de�niteness) is in progress.

Once the statistical uncertain t y of A has b een determined, the next step is to

c hose in whic h state i the next MD sim ulation should b e started in order to giv e the

largest decrease of this statistical uncertain t y . This approac h w as considered in (49 )

and it w as sho wn that with adaptiv e sampling a giv en uncertain t y could b e ac hiev ed

within a fraction of the computational e�ort compared to non-adaptiv e sampling.

7 Conclusion

Mo deling the kinetics of macromolecules based on transition net w orks is a promis-

ing concept in curren t computational structural biology . This concept has b een

spa wned b y the energy landscap e approac h, whose main limitation is that kinetics

are only secondary to the mo del and m ust b e reco v ered via a rate theory . Mark o v

state mo dels are computationally more demanding, but can b e tested and analyzed

using standard to ols from statistics and algebra. Ma jor op en problems in the �eld

include (i) the dev elopmen t of a reliable and unsup ervised test for Mark o vianit y; (ii)

the dev elopmen t of e�cien t metho ds to generate transition matrices that exhibit a

n um b er of prop erties suc h as detailed balance or p ositiv e de�niteness; th us allo w-

ing for a b etter estimation of the statistical uncertain t y; (iii) the dev elopmen t of a

n umerically stable and algorithmically e�cien t adaptiv e sampling strategy , whic h

includes an adaptiv e re-de�nition of microstates and metastable states, th us allevi-

ating the sampling problem. Up on solving these problems, transition net w orks are

set to b ecome the standard to ol for studying and understanding complex transitions

12



in macromolecules.
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Bibliographic Annotations

P ap ers of Sp ecial In terest

� (27 ): The most comprehensiv e review of the energy landscap e approac h.

� (49 ): Pro vides an Approac h to estimate the errors of a Mark o v State Mo del

and sho ws that suc h an error analysis can b e used in an adaptiv e sampling

metho d.

� (13 ): Demonstrates ho w state-based kinetic mo dels ma y rev eal features that

w ould b e hidden in pro jections on few reaction co ordinates.
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P ap ers of Outstanding In terest

� (3 ): Presen ts adaptiv e metho ds on ho w to compute only a small part of a tran-

sition net w ork while still �nding the globally b est path and the global energy

ridge for a giv en transition of in terest. These metho ds ha v e op ened the w a y for

the application of transition net w orks to the comprehensiv e c haracterization

of complex c hange in proteins.

� (37 ): Analysis ho w to obtain and test kinetic mo dels that hierarc hically de-

comp ose state space using molecular dynamics of p oly alanines. The PCCA

metho d, the usefulness of metastable states v ersus geometric clustering and

p ossible sources for nonmark o vianit y are illustrated.

� (38 ): Presen ts an adaptiv e metho d for iden ti�cation of metastable states from

sim ulation data. The metho d is applied to three examples from massiv ely

parallel sim ulations.
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Figure 1: Sequen tial bias during T argeted Molecular Dynamics (TMD). Example

of a transition b et w een conformations A and B of a t w o-domain protein (sho wn in

blac k and white). The equilibrium transition c hannel (green area) consists of paths

in whic h soft domain motions (plotted v ertically) alternate with sti� lo cal motions

(suc h as side-c hain rearrangemen ts necessary at the in terfaces b et w een domains,

plotted horizon tally). The RMSD-reaction co ordinate of TMD resp onds most when

the motion in v olv es man y atoms, th us, soft global motions react early to the pulling

force, while lo calized c hanges o ccur late in a TMD path w a y . Consequen tly , pulling

A ! B and B ! A result in di�eren t path w a ys (red dotted lines), a clear indication

that the transition mec hanism has b een biased
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Figure 2: The construction of a transition net w ork. (a) Sample p oten tial, de�ned

o v er a one-dimensional co ordinate that is discretized in to 100 microstates. It has 3

metastable basins (A,B, and C). b) T ransition matrix T (� ) for a Mark o v lagtime of

� = 200 steps. The transition probabilit y Tij within time � (blue: Tij = 0 , red: Tij �
0:1) w as obtained from a Metrop olis Mon te Carlo ( T = 1=kB ), jumping eac h step

only to the curren t or adjacen t microstates. T exhibits 3 clusters corresp onding to

the metastable states. (c) Left eigen v ectors of T indicating the transition mo des

among microstates. The �rst eigen v ector giv es the stationary distribution. The sign

structure of the second eigen v ector partitions the state space in to t w o metastable

states (thic k magen ta line), A and B+C. The sign structure of the third eigen v ector

further splits B and C (thin magen ta line), obtaining three metastable states. (d)

The eigen v alue sp ectrum of T . The clear gaps after 2 and 3 eigen v alues indicate

ho w man y states are metastable. (e) Co ordinates of the 100 microstates pro jected

on to the second and third righ t eigen v ectors of T . Metastable states are iden ti�ed

b y clustering the microstates in this eigenspace. (f ) T ransition net w ork b et w een

the 3 metastable states A, B and C (the transition probabilities are obtained from

Equation 5).
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Figure 3: In tra-state barriers increase the Mark o v lagtime. (A) A tra jectory passing

from state 1 to state 2 at time t is, at a v ery short time t + � t later, more lik ely to

go bac k to state 1 than to pro ceed to state 3 (whic h in v olv es crossing the in ternal

barrier in state 2). Th us, the system retains memory of its previous history as long

as it did not equilibrate within state 2. After a su�cien tly long lagtime � , the

system lo oses the memory from where it came in to state 2. (B) This state de�nition

has ev en higher state-in ternal equilibration times, requiring longer lagtimes � for a

Mark o vian b eha vior, to o long to b e of practical use.

Figure 4: T ransition net w ork on an energy landscap e. The substates are lo cal energy

minima (white bullets, the t w o end-states are sho wn as large bullets), connected b y

minim um energy sub-paths (white lines) whose energy barriers can b e calculated.

T w o essen tial prop erties of a transition net w ork are the b est path b et w een the end-

states (along whic h the reactiv e �ux is maximal, sho wn as red line) and the energy

ridge (i.e., the collection of rate-limiting saddle-p oin ts separating the end-states,

sho wn as stars).
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Figure 5: Hierarc hical T ransition Net w ork for the Ala 12 p eptide, computed for either

4, 6, and 8 metastable sets. Eac h circle corresp onding to one metastable state

con tains its free energy relativ e to the most p opulated state, a (in k cal/mol, top),

and its lifetime (in picoseconds, b ottom) at 300 K. Solid lines represen t transitions

that ha v e o ccurred within a 4 microseconds MD sim ulation. Dotted lines relate

corresp onding metastable states.
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